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= Half-Dirichlet energy:

E1/2(u —'Y" /n/n ’X_y‘n_i_l d d = / |d1/2u\oddx.
Half Version:

3tu = — d7T(U) VL2E]_/2(U) = —(—A)1/2U + U|d1/2U’§d,
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What is a self-similar expander?

= Consider a flow (e.g., harmonic map heat flow) compatible with a scaling of the
form:
(x,t) — (Ax, A%t).
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What is a self-similar expander?

= Consider a flow (e.g., harmonic map heat flow) compatible with a scaling of the
form:

(x,t) — (Ax, A%t).

A self-similar solution takes the form:

» Existence has already been shown for different kinds of PDEs (e.g., heat flow,
harmonic map flow, ...).
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Rough initial data and self similar expander

= Simulated example with jump initial data:

e +¢
up(x) =

=@ &
—00 X
| 5‘ X( ,0)( ) ‘

TdX(Ooo( x).
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Rough initial data and self similar expander

= Simulated example with jump initial data:

e +¢
up(x) =

—e+¢€

e T _ x) +
|62—|-5‘ X( oo,O)( ) ‘

= Self-similar S'-valued expander on R:

TdX(Ooo( x).
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Rough initial data and self similar expander

= Simulated example with jump initial data:

€& +¢€ —€ +E
p\X) = —— _ X))+ ———
0() |62+5‘X( oo,O)() ‘ e2_|_€|X(Ooo()
= Self-similar S'-valued expander on R:
U(X t) ~ e—i arctan(x/t)'
Self similar expander profiles at various times

argu(x, t)
S

oo

coe

5ol
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General idea for self-similar expanders

= Define the scale-invariant initial data space A (typically a € Li . with Ma € L*°)

loc
and a scale-invariant solution space X.

6/21



General idea for self-similar expanders

= Define the scale-invariant initial data space A (typically a € LL  with Ma € L)
and a scale-invariant solution space X.

= Prove well-posedness for initial data in A with values in X.

6/21



General idea for self-similar expanders

Define the scale-invariant initial data space A (typically a € L{  with Ma € L)

loc
and a scale-invariant solution space X.
Prove well-posedness for initial data in A with values in X.
Show that 0-homogeneous data a(x) = ¢(x/|x|), typically very rough (e.g. Bg/oi)

belong to A.

6/21



General idea for self-similar expanders

Define the scale-invariant initial data space A (typically a € LL . with Ma € L)
and a scale-invariant solution space X.

Prove well-posedness for initial data in A with values in X.

Show that 0-homogeneous data a(x) = ¢(x/|x|), typically very rough (e.g. Bg/oi)
belong to A.

Use scale invariance in A and X:

6/21



General idea for self-similar expanders

= Define the scale-invariant initial data space A (typically a € LL  with Ma € L)
and a scale-invariant solution space X.

= Prove well-posedness for initial data in A with values in X.

= Show that 0-homogeneous data a(x) = ¢(x/|x|), typically very rough (e.g. Bg/oi)

belong to A.

= Use scale invariance in A and X:

[Mal| i = [a] 4 = [ax] 4, [ulx = [w]x.

6/21



General idea for self-similar expanders

= Define the scale-invariant initial data space A (typically a € LL  with Ma € L)
and a scale-invariant solution space X.

= Prove well-posedness for initial data in A with values in X.

= Show that 0-homogeneous data a(x) = ¢(x/|x|), typically very rough (e.g. Bg/oi)
belong to A.

= Use scale invariance in A and X:

[Ma| e = [a]la = [ax] 4, [u]x = [uA]x-
together with uniqueness to deduce

u(x, t) = u(Ax, \“t).

6/21



General idea for self-similar expanders

= Define the scale-invariant initial data space A (typically a € LL  with Ma € L)
and a scale-invariant solution space X.

= Prove well-posedness for initial data in A with values in X.

= Show that 0-homogeneous data a(x) = ¢(x/|x|), typically very rough (e.g. Bg/oi)

belong to A.

= Use scale invariance in A and X:

[Mal| i = [a] 4 = [ax] 4, [ulx = [w]x.

together with uniqueness to deduce
u(x, t) = u(Ax, A\t).

hence the self-similar form

X
u(x,t)=u <t1/0‘7 1) . 6/21



Scaling and critical spaces for the HHMHF
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ux(x, t) == u(Ax, At).
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Scaling and critical spaces for the HHMHF

= Scaling: HHMHF is invariant under
ux(x, t) == u(Ax, At).

= Critical Spaces:
= X is critical if ||up(\-)||x = ||uol|x for all A > 0.
= Subcritical: limy_o [[uo(A)||x = 0.
= Supercritical: limy_ o0 ||to(X)||x = 0.
= Examples of critical spaces:
= Sobolev: H%(R").
= Certain Besov spaces, e.g. Bﬁ,w(R") C BEHTOO(R”).
= Bounded mean oscillation BMO(R").

1

2 1 - .-, . -
= |n 1D: H2 is critical, since g = 3.
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Known results in critical spaces
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Wettstein (2021): Global weak solutions for HHMHF

= Global weak solutions:

= For any up € HY/2(S*; N) there exists a weak solution
u:[0,00) x St = N,
with non-increasing 1/2-Dirichlet energy.
« Regularity: u € L°HY? 1 H!L2 and
u€ C®((T, Tks1): N)

except at finitely many times 0 < T7 < -+- < T, < 0.
= Bubble bound: the number of singular times satisfies

n(ug) < 7[51/2(”0),

€0

where g9 > 0 is the minimal 1/2—energy of a non-constant half-harmonic map.
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= Local weak solutions:
= For ug € HY/2(S*; N) there exists a smooth solution u(t) up to Ty < oo.
= |If Ty < oo: energy concentration occurs = finitely many nontrivial half-harmonic
“bubbles” () with E(a()) > 4.
= If Ty = 0o: smooth convergence to a half-harmonic limit map, modulo finitely many
bubbles.
= Global weak solutions:
= For any ug € HY/?(S!; N) there exists a global weak solution with non-increasing

energy.
= The solution is smooth for t > 0 except at finitely many space—time singularities

(bubbling).
= As t — oo: convergence to a half-harmonic limit map modulo bubbling.
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Main ldea: Koch-Tartaru, Maximal
function, Half-space




Maximal function

s Let &(x) = 7 "/2e~ X" be the Gaussian heat kernel and ®4(x) = s~"®(x/s).
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Maximal function

s Let &(x) = 7 "/2e~ X" be the Gaussian heat kernel and ®4(x) = s~"®(x/s).
For (x,t) € R" x (0, 00) define

1 t
M(f)(x,t ;:/ / s |V (®s % F)(y)[? dy ds.
DD =18 fo Sopey ™™ 7+ V)
= Characterisation of BMO and VMO:
f € BMO(R") <~ HI\/I(f)HLoo(RnX(O,OO)) < 00,

f e VMO(R") «— Jim [ M()l] oo o (0,R)) = O-
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Koch—Tataru Method

= Work on RT™ = R" x (0, 00).
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Koch—Tataru Method

= Work on RT™ = R" x (0, 00).

= Solution space

1 R? 1/2
uX:suptl/zut Lo + sup / / uzdydt .
lul £0 lu()] x,R(|B(X7R)| 0 B(X,R)‘ | )

= Initial data (rough):

1 /R2/ A 5 1/2
up -1 I=SUPp {5 pv & wol” dy dt '
ol grto R (yB(x,R)] 0 BOQR)‘ | )
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Main results




Theorem 1 (Existence)

There exists € > 0 such that for all a € A with [a]a, < € and |a|?> = 1, there exists
u € Xt satisfying |u|?> = 1 and

{Otu = —drg1(u)(—A)Y2u,
u(0) = a,

where the initial condition is attained in the sense of Schwartz distributions.

In particular: for all a € V there exists some T > 0 and a solution u € Xy 1 with
u(0) = a.
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Theorem 2 (Uniqueness)

There exists 0 > 0 such that solutions vy, up € X7 to (9) with u1(0) = u2(0) € A and
limsup[uj]x, <9, i=1,2,
R10

satisfy u; = wp in X7.

In particular: uniqueness holds for solutions in Xy 7 and for small solutions in X7 as
constructed in Theorem 1. Theorem 2 only requires smallness near t = 0.
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Theorem 3 (Continuous dependence)

Let a € V and (a,) C V with

lim_ (Ha,, — al|po + [an — a]Aoc) = 0.

n—

Then there exists T > 0 such that the corresponding unique solutions u,, u € Xo 1
satisfy

lim ([lun = ufl i + [un - o) =0.

n—
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Theorem 4 (Qo—framework)

= There exists ¢ > 0 such that

[ala., < clalq, Vae Q(R").
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Theorem 4 (Q,—framework)

= There exists ¢ > 0 such that

[ala., < clalq, Vae Q(R").

= Thus Qp(R") € BMO(R") but captures relevant rough data and extends critical
Sobolev well-posedness.

= Embeddings:
By2(R") C Q(R"), BV(R)C Q(R),

hence Qg provides a substitute for BMO in the well-posedness theory.
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Theorem 5 (Existence of self similar expanders)

= Consider

a)=e(g). xeR\{o}
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Theorem 5 (Existence of self similar expanders)

= Consider
a(x)=9(gg), xeR\{0},
= There exists / = /(n) such that if a is of the above homogeneous form and
Lip(¢) < I, then the unique solution u satisfies

u(x,t) =u(%,1), (x,t) € R" x [0, c0).
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Proof ideas




Proof of Theorem 1 (Existence) — |

= Duhamel formulation:

Oru = —(—D)"2u + |dyjpul2yu.
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Proof of Theorem 1 (Existence) — |

= Duhamel formulation:
Oru = —(—D)"2u + |dyjpul2yu.
= Nonlinear estimate:
I6(w)llx, < Clulk,.
= Difficulty: the fractional gradient of the Poisson kernel
d1/2P ¢ Léd'

= Remedy: decompose
0,1 1,00
dijop = df/2)p+d1(/2 'p,

where d{?’zl)p = dyop - L—y|<1 (local), df}’zoo)p i= dy/op - 1jx_y|>1 (nonlocal).
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Proof of Theorem 1 (Existence) — Il

= Mild < weak: for the half-heat equation, mild solutions are equivalent to weak
solutions.
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Proof of Theorem 1 (Existence) — Il

= Mild < weak: for the half-heat equation, mild solutions are equivalent to weak

solutions.
» Test class 7: functions ¢ € C*((0, T) x R") with Fourier representation

B(6,1) = F(I€], )&, £) such that
(a) Temporal compactness: ¢(&,t) =0 for t ¢ K € (0, T).
(b) Spatial decay/smoothness: for any cutoff v near 0,
(1 - fy(g))()ﬁ(f’ t) € S((07 T) X Rn)
= Stability: for ¢ € T we have
()P eT, pexpeT, lo(x) S 1+ x)~(.
= Spherical values Consider v = |u|? — 1

Otv+(—A)1/2v:2v\d1/2u|§d, v(tp) = 0.
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Proof of Theorem 4 (ldea)

= Translation and scaling invariance = reduce to

1
[ F dalpes g axde < clay,
0 JB1(0)
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Proof of Theorem 4 (ldea)

= Translation and scaling invariance = reduce to

1
[ F dalpes g axde < clay,
0 JB1(0)

Split fractional gradient of Poisson kernel:

d1j2(pe * @) = (dia(pe * )8 + (dy ja(pe * 2)) (=),

= Local part (0, t) results into BMO estimates.

Non-local part (t,00) results into Qp estimates
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Outlook




Outlook — Shrinkers & Thresholding

= Shrinkers (finite-time blow-up candidates):

u(x, t) = U(TX_ t), T>0.

Relevant for profiling singularities; existence/nonexistence is open.
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Outlook — Shrinkers & Thresholding

= Shrinkers (finite-time blow-up candidates):

u(x, t) = U(TX_ t), T>0.

Relevant for profiling singularities; existence/nonexistence is open.

= Thresholding (Laux and Yip type scheme):

k

N
h k k+1 Pn* u
u'(t) = U™ X (kh,(k+1)R\E ut'tt = :
(t) kZ:% (kh,( +1)]( ), |pp * UK]
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The End

Thank you for your attention!
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