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Blow-up and shrinkers

Blow-up and shrinkers are studied, e.g. for

Landau-Lifshitz—-Gilbert ~ 9m = o (Am +|Vm|?m) + 3 m x Am
Harmonic map heat flow ou=Au+|VuPu (L=0,a=1)

Navier-Stokes ou—Au+(Uu-Viu+Vp=0, divu=0
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Harmonic map heat flow

Energy for maps u: R" — S™

D(u) = %/R IVu|? dx

J. Eells, J. H. Sampson, Amer. J. Math. 86 (1964); J.-M. Coron, J.-M. Ghidaglia, C. R. Acad. Sci. Paris 308 (1989)
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Harmonic map heat flow
Energy for maps u: R" — S™

D(u) = ;/R IVu|? dx

Flow
ou = —VR"D(u) = Au + |Vul?u

Critical dimension n = 2, since D(u(\-)) = A\2~"D(u).
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Harmonic map heat flow

Energy for maps u: R" — S™

D(u) = ;/R IVu|? dx

Flow
ou = —VR"D(u) = Au + |Vul?u

Critical dimension n = 2, since D(u(\-)) = A\2~"D(u).
Finite-time blow-up by symmetry (Coron—Ghidaglia).
J. Eells, J. H. Sampson, Amer. J. Math. 86 (1964); J.-M. Coron, J.-M. Ghidaglia, C. R. Acad. Sci. Paris 308 (1989)
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Half-harmonic map heat flow

Energy for maps u: R” — S™

c u(x) —u(y)]? 1
B = [ e = gl a i,

Integral representation: V. Millot, Y. Sire, Arch. Ration. Mech. Anal. 215 (2015)
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Half-harmonic map heat flow

Energy for maps u: R" — S™

c u(x) —u(y)? 1
E(u) = 4r-,/Rn/]Rn ‘ |(X)—}/|n(-i-y1)’ dy ax = EH(_A)1/4U||E2

Flow

du = —V="E(u)
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Half-harmonic map heat flow

Energy for maps u: R" — S™

c u(x) —u(y)? 1
E(u) = :/IRn/Rn ‘ |(X)—}/|”(-i-y1)’ dy ax = EH(_A)1/4U”§2

Flow
ou = —V""E(u)

B 2
=—(-A)"Pu+ (% / ‘u|(:)_ y‘lf,(ﬁ)' dy) u(x)

Integral representation: V. Millot, Y. Sire, Arch. Ration. Mech. Anal. 215 (2015)
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Half-harmonic map heat flow

Energy for maps u: R" — S™

c u(x) —u(y)? 1
e = [ e ey - Jiayui

Flow
ou = —V""E(u)

o 2
=—(-A)"2u + (% / ‘u|(:)_ y‘lz(ﬁ)' dy) u(x)

Critical dimension n = 1, since E(u(\-)) = \'="E(u).
Integral representation: V. Millot, Y. Sire, Arch. Ration. Mech. Anal. 215 (2015)
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Half gradient

haul.y) = [ S E0)

with the off-diagonal inner product

(F, G)oa(x) = /R F0xy)-Glcy) fyyw, IF2, = (F,F)oq

M. Mazowiecka, A. Schikorra, J. Funct. Anal. 275 (2018); flow in this form: J. Wettstein, Nonlinear Anal. 214 (2022)
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Half gradient

haul.y) = [ S E0)

with the off-diagonal inner product

d
(F.Groalx) = || Flxoy) Gy [ 2 IFRa = (F Foy

Hence the flow reads
O + (—0)"2u = |dy pul5q u.

M. Mazowiecka, A. Schikorra, J. Funct. Anal. 275 (2018); flow in this form: J. Wettstein, Nonlinear Anal. 214 (2022)
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Shrinkers and expanders

Half-harmonic map heat flow  Ju + (—A)"2u = |d; pul2, u
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Shrinkers and expanders

Half-harmonic map heat flow  Ju + (—A)"2u = |d; pul2, u

Shrinker ux,t) =U(#5) (=A)"2U(y) +y-VU(y) = |d; 2U24(y) U(y)
Expander  u(x,t)=U(¥)  (-A)"2U(y) —y-VU(y) = |d; 2U2,(y) U(y)

The counterpart to a shrinker is the expander.
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Finding expanders

Homogeneous initial data uy(M\x) = up(x) forallA >0

Expanders for HMHF and LLG: P. Germain, M. Rupflin, Ann. IHP Anal. Non Linéaire 28 (2011); S. Gutiérrez,
A. de Laire, Nonlinearity 32 (2019)
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Finding expanders

Homogeneous initial data uy(M\x) = up(x) forallA >0
—> necessarily irreqular = well-posedness for rough initial data

Simulated example with jump initial
data:

Uo(X) = €2 X(—00,0)(X) — €2 X(0,00) (X)

Expanders for HMHF and LLG: P. Germain, M. Rupflin, Ann. IHP Anal. Non Linéaire 28 (2011); S. Gutiérrez,
A. de Laire, Nonlinearity 32 (2019)
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Finding expanders

Homogeneous initial data uy(M\x) = up(x) forallA >0
—> necessarily irreqular = well-posedness for rough initial data

S|mu|ated example W|th jump |n|t|a| Self similar expander profiles at various times
34 _
data: e
24 — t=1038

Uo(X) ~ € X(~0c.0)(X) — €2 X(00)(X)  _ 1] TN i
Self-similar S'-valued expander on o \

R:
u(x,t) = U(%)

argulx, t)

Expanders for HMHF and LLG: P. Germain, M. Rupflin, Ann. IHP Anal. Non Linéaire 28 (2011); S. Gutiérrez,
A. de Laire, Nonlinearity 32 (2019)
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Main theorem: existence

Theorem
There exists € > 0 such that for all a: R" — S with a € A and [a] 4, < ¢, there
exists u € Xt solving

o+ (—A)"2u = |d; pul?, u,
u(0) =a.
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K. Koch, C. Melcher, arXiv:2504.06933
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Main theorem: existence

Theorem
There exists € > 0 such that for all a: R" — S with a € A and [a] 4, < ¢, there
exists u € Xt solving

o+ (—A)"2u = |d; pul?, u,
u(0) =a.

Especially, L*NBV(R)c A, L*nN BZ%OO(]R”) C A
B2 (R) ¢ H'2(R),  BV(R) ¢ H'/2(R).

K. Koch, C. Melcher, arXiv:2504.06933
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Main theorem: uniqueness

Theorem
There exists 6 > 0 such that solutions uy, u, € Xt with u;(0) = u,(0) € A and

limsup [Uj]x, <6, i=1,2,
R\.0

satisfy uy = uo.

K. Koch, C. Melcher, arXiv:2504.06933
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Borderline regularity of homogeneous initial maps

a(x) = go(l%) for ¢: """ — S™ Lipschitz

K. Koch, C. Melcher, arXiv:2504.06933
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Borderline regularity of homogeneous initial maps

a(x) = cp<’))§|> for p: S"1 — S™ Lipschitz

Homogeneity of the Fourier transform implies for &(x)

FOO ~ g s el /|§|"

K. Koch, C. Melcher, arXiv:2504.06933
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Borderline regularity of homogeneous initial maps

a(x) = cp(,))§|> for p: S"1 — S™ Lipschitz

Homogeneity of the Fourier transform implies for &(x)

FOO ~ g s el /|§|"|§|2n=

Littlewood—PaIey decomposition, Besov regularity:

a¢ N
n kn 2kn/ —[é 2_n < 00
/ d \5!2” ~2 2 /Nzk \5!2” = ke jg|~2k €] | ]Bz,/fo

KEZ
K. Koch, C. Melcher, arXiv:2504.06933
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Borderline regularity of homogeneous initial maps

a(x) = cp(,))§|> for p: S"1 — S™ Lipschitz

Homogeneity of the Fourier transform implies for &(x)

FOO ~ g s el /|§|"|§|2n=

Littlewood—PaIey decomposition, Besov regularity:
d¢ 1D
gn kn/ > p2kn/ = [&]3, < 00
/ ‘ | ‘§’2n é \Nzk ‘§’2n ez |§\~2k ‘£|2n [ ]“32’/02<>
SoécL=nBy2 (R C A.

K. Koch, C. Melcher, arXiv:2504.06933
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Self-similar expanders
We have
[al.4 < Lin(#) [€]g2 ,

K. Koch, C. Melcher, arXiv:2504.06933
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Self-similar expanders
We have
[@l.4 < Lin(e) [€]gr2

and through a scaling argument, we get that for Lip(¢) < 1 there exists a
self-similar expander

ux,t)=U(¥) with  u(0)=a,

where the scaling of the half-harmonic map heat flow is u(Ax, At).

K. Koch, C. Melcher, arXiv:2504.06933
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Self-similar expanders
We have
[@l.4 < Lin(e) [€]gr2

and through a scaling argument, we get that for Lip(¢) < 1 there exists a
self-similar expander

ux,t)=U(¥) with  u(0)=a,

where the scaling of the half-harmonic map heat flow is u(Ax, At).

By uniqueness and choosing A\ = 1/t, one obtains

u(x,t)=u(%,1), ie. Uy)=u(y,1).

K. Koch, C. Melcher, arXiv:2504.06933

RWTH SFB 1481
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Known results in energy spaces

Theorem (Wettstein, Struwe)
For any uy € H'/2(S"; N) there exists a weak solution

u:[0,00)xS" =N

with non-increasing 1/2-Dirichlet energy.
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Known results in energy spaces

Theorem (Wettstein, Struwe)
For any uy € H'/2(S"; N) there exists a weak solution

u:[0,00)xS" =N
with non-increasing 1/2-Dirichlet energy.

Regularity: u € L*Hy'? 0 H} L2, and u is smooth on (0, 00) x S' except in finitely
many points (Ty,xx), k =1,...,K.

J. Wettstein, Math. Eng. 5 (2023); M. Struwe, Anal. PDE 17 (2024)
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Proof idea: Koch—Tataru method
Harmonic extension v(t)=p;+xa: v+ (-A)"/2v =0, v(O) —a

Mzra(x) := sup /][ |d1/2V|0ddydt)

0<r<T
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Proof idea: Koch—Tataru method
Harmonic extension v(t)=p;+xa: v+ (-A)"/2v =0, v(O) —a

Mra(x) = sup / f oy eviyayat)

0<r<T

[a] 4, == sup Mra(x) = |Mra|~, A={ael>:[a]a, <oo}
xeRn

Harmonic map heat flow (analogous to C. Wang) ou— Au=0, u(0)=a

r2
sup sup/ ][ |Vu|? dy dt
0<r<yT X€R"JO r(X)

T = oco: equivalent to ||a||,,, (Carleson characterization)
H. Koch, D. Tataru, Adv. Math. 157 (2001); C. Wang, Arch. Ration. Mech. Anal. 200 (2011); Carleson
characterization: E. M. Stein, Harmonic Analysis (1993)
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Solution space X7

Following Koch-Tataru:

1
[U]X(o) = sup tz |d1/2U’0d(X, t)
T 0<t<T,xeR"

t 5 1/2
+ s ([ (dyeul(y.s)ay )
0<t<T,xeR" 0 JBi(x)
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Solution space X7

Following Koch-Tataru:

1
[Wlyo = sup  t2|djoUloa(X,1)
T 0<t<T,xeR"

t 5 1/2
+ s ([ (dyeul(y.s)ay )
0<t<T,xeR" 0 JBi(x)
Through scaling, we define the higher order seminorm [u], (1), which leads to
T

lullx, == sup |u(x,t)| + [u], o + [U],m
0<t<T,xeR" T T

H. Koch, D. Tataru, Adv. Math. 157 (2001); K. Koch, C. Melcher, arXiv:2504.06933

| ROWTH. SFB 1481
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Why not (—A)"/4?

Ta(x) = sup /][ 1/"'V|2dyd1‘>/
0<r<T (.

Product rule for dy /»: M. Mazowiecka, A. Schikorra, J. Funct. Anal. 275 (2018)
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Why not (—A)"/4?

Ta(x) = sup /][ 1/"'V|2dydl‘>/
0<r<T " (

Why not use the conventionial (—A)'/# instead of dy »?

1. (—A)'/* lacks a clean product structure:

(=2)"4(u-v) = (-8)"*u-v+u- (—0)*v - 2(ds/4u.01/4V)0a

Product rule for dy /»: M. Mazowiecka, A. Schikorra, J. Funct. Anal. 275 (2018)
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Why not (—A)"/4?

Ta(x) = sup /][ 1/"'V|2dydl‘>/
0<r<T " (

Why not use the conventionial (—A)'/# instead of dy »?

1. (—A)'/* lacks a clean product structure:

(=2)"4(u-v) = (-8)"*u-v+u- (—0)*v - 2(ds/4u.01/4V)0a

vs.  dip(U-v)(x,y) =dippu(x,y) - v(x)+uly)-dipvix,y)
Product rule for dy /»: M. Mazowiecka, A. Schikorra, J. Funct. Anal. 275 (2018)
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Why not (—A)"/4?

2. The half gradient is better tailored to the nonlinearity.
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Why not (—A)"/4?
2. The half gradient is better tailored to the nonlinearity.

1
[uly-o = sup 12 |(=0)"u(x,t)
T 0<t<T,xcR"

t 1/2
bosw ([ j-a) uly.s)dyas)
0<t<T,xeRn \Jo JBi(x)
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Why not (—A)"/4?

2. The half gradient is better tailored to the nonlinearity.

[uly-o = sup 12 |(=0)"u(x,t)
T 0<t<T,x€R"
1/2
sup /][ 2)4ul(y,s)dy ds)
0<t<T XER" B (x

With X7 one needs a localized equivalence:

/ ][ A 4up ~ / ][ |dy joul?y
Bt(x)

SFB 1481

15/32
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4 Scaling invariant estimates
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Mild formulation
The mild formulation of the HHMHF is

u(t) = S(t)a+ G(u|dy 2ul3)(t),

S(ha=pi+a, Gf)(t) = /0 t S(t — s)f(s) ds.

K. Koch, C. Melcher, arXiv:2504.06933
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Mild formulation
The mild formulation of the HHMHF is

u(t) = S(t)a+ G(u|dy 2ul3)(t),

S(ha=pi+a, Gf)(t) = /0 t S(t — s)f(s) ds.

Goal: find a fixed point in X7 via Picard iteration of

o(u) = S(t)a + G(o(u) |ds 2ul2q),

peCr,  ply)=yforly| <3, o(y)=0 forly| >2.

K. Koch, C. Melcher, arXiv:2504.06933
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Picard iteration

For the Picard iteration ug = a, u; 1 = ¢(u;) we need

[S(halx, < [alar
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Picard iteration

For the Picard iteration ug = a, u; 1 = ¢(u;) we need

[S(halx, < [alar

and a suitable Banach space Y7 with

IGH)lx, < IFlly,

such that

IG ((u) Id1j2ulZa) lx, < [ulk,-
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Homogeneous estimate

First, the homogeneous estimate holds by construction of A, through the following
estimate:

2 2
sup_t||diz(pr* @)l < [a]2,
o<t<T °
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Homogeneous estimate

First, the homogeneous estimate holds by construction of A, through the following
estimate:

2 2
sup_t||dy 2(pt * @)l < [al,
o0<t<T ©

By scaling and translation it suffices to show

0h2(P1 * @)]oa(0) < ( sup / Lo 01 2lps * 3) By ds)

xeR"

SFB 1481 18/32




Homogeneous estimate

With v(s) = ps * a:

v(1)=pixa=pisxv(s), se(0,3]
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Homogeneous estimate

With v(s) = ps x a:
v(1)=pixa=pi_s+v(s), se(0,}]

= |dy2V]od(:;1) < P1_s * |d1/2V(S)]od
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Homogeneous estimate
With v(s) = ps x a:
v(1)=pixa=pisxv(s), se(0,3]

= |dy2V]od(:;1) < P1_s * |d1/2V(S)]od

Averaging over s € (0, 3]:

|d1/2V )oaly) ! 1/2
di oV |0a(0, 1) // ddsgsu/][ dy V|2, dy ds
|d1/2Voa( o Ay Y ( wp | B1(X)! 1/2V[5a dy )
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Inhomogeneous estimate

Banach space Y7 with |[fly. := |flly, + [fly,:

SFB 1481 20/32




Inhomogeneous estimate

Banach space Y7 with |[fly. := |flly, + [fly,:

Iwn:swtwﬂh%wp/é (y,s)|dy ds
I

o<t<T,x o<t<T,x

[mﬁzwpﬁwwm+wp/f s|VH(y,s)|dy ds
Bt(X)

0<t<T,x 0<t<T,x JO
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Inhomogeneous estimate

Banach space Y7 with [[f||y:= [[f[ly; + [fly,:

Iww:swfwﬂk%wp/é (y,s)|dy ds
I

o<t<T,x o<t<T,x

[mﬁzwpﬁwwm+wp/f s|VH(y,s)|dy ds
B[(X)

0<t<T,x 0<t<T,x JO

Check:  [lo(u) [dy2ul3ylly, < [ulf,
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Inhomogeneous estimate

Banach space Y7 with ||f[ly. := [[f[ly, + [f]y,:

Iwn:swtwﬂh%wp/é (y,s)|dy ds
t

o<t<T,x o<t<T,x

[mﬁzwpﬁwwm+wp/f s|VH(y,s)|dy ds
B[(X)

0<t<T,x 0<t<T,x JO

Check: [lp(u) |dsj2ulZylly, < [ulk,
Goal:  [|G(f)lx, < IIflly,

SFB 1481
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Local and nonlocal part of dy »

To estimate ||dy/2G(f)| ., one would want |dy /2p|oa € L.
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Local and nonlocal part of dy »
To estimate [|d 2G(f)|| ., one would want [d+ ;2P[oq € L'. Butforn = 1:

1 1
|t joPloa(X) = 5=+ —=——, 80 |d}2ploa & L'(R), although p*) € L for all g, k.
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Local and nonlocal part of dy »

To estimate [|d 2G(f)|| ., one would want [d+ ;2P[oq € L'. Butforn = 1:

1 1
|t joPloa(X) = 5=+ —=——, 80 |d}2ploa & L'(R), although p*) € L for all g, k.

Solution: split d; » into local and nonlocal parts, i.e.

101 /2G(F)loa < 11 2G(H) & + |d; 2G(F)[()

SFB 1481

21/32



Local and nonlocal part of dy »

where

g(x +h) —g(x)?
d (r,r2)\2 X) - Cn/ lg(x dh.
(| 1729004 ) (x) = > B\, ||+
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Local and nonlocal part of dy »

where

(rr2)\2(yy . Cn lg(x +h) —g(x)?
(Id1 /29154 ™)*(x) = 3 /5,2\5,1 e dh.

We know

_ 2
o oG 00 = (5 [ SRRSO an) ™ < o6,

2 ‘h‘”‘”
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Local and nonlocal part of dy »

where

(rr2)\2(yy . Cn lg(x +h) —g(x)?
(Id1 /29154 ™)*(x) = 3 /5,2\5,1 e dh.

We know

_ 2
o oG 00 = (5 [ SRRSO an) ™ < o6,

2 ‘h‘n+1

and [d; >G(f )|( ") can be estimated, because ]d1/2p|£%’1) el
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Localization with a smoothing kernel

w = G(f) solves oiw + (—A)"2w = f.
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Localization with a smoothing kernel

w = G(f) solves oiw + (—A)"2w = f.
Through a mollifier, the multiplication with 7w and the use of the product structure

di2(n)(X.y) = (n(x) +n(y)) ds 21, y),

i.e. a pseudolocal structure,
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Localization with a smoothing kernel

w = G(f) solves oiw + (—A)"2w = f.
Through a mollifier, the multiplication with 7w and the use of the product structure

di2(n)(X.y) = (n(x) +n(y)) ds 21, y),

i.e. a pseudolocal structure, we get

1
/ / dy ow[2 dx at < [IF]3,.
0 JBy
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Modified equation

Through the Picard iteration we get a mild solution u to

o + (—0)'2u = p(u) |d; pul?,,
u(0) =a.

SFB 1481

24/32



Modified equation

Through the Picard iteration we get a mild solution u to
du + (—A)"2u = o(u) [dy j2ul3,
u(0) =a.

It is missing that |u|? = 1.
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SM-valuedness

The usual approach based on Gronwall (too singular) or maximum principle (too
local) fails.
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SM-valuedness

The usual approach based on Gronwall (too singular) or maximum principle (too
local) fails.

But p = |u|? — 1 satisfies the linear equation

Op+ (—=0)"2p = 2|d; pul2y p,
p(0) =0,

which guarantees uniqueness in the class L>°((0, T) x R"). Indeed:

sup [lp1(t) — pa(t)lle = sup ||G((p1 — p2) |01 2t l5q) ()],
te[0,7] tel0,T]

< sup [lp1(t) — pa(t) e [Ulk,
te[o,T]
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SM-valuedness

The usual approach based on Gronwall (too singular) or maximum principle (too
local) fails.

But p = |u|? — 1 satisfies the linear equation

Op+ (—=0)"2p = 2|d; pul2y p,
p(0) =0,

which guarantees uniqueness in the class L>°((0, T) x R"). Indeed:

sup [lp1(t) — pa(t)lle = sup ||G((p1 — p2) |01 2t l5q) ()],
te[0,7] tel0,T]

< sup [lp1(t) — pa(t) e [Ulk,
te[o,T]

so p=0.
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The space Qg

For a measurable a we define

a2 = su / / a(z)’ dy dz
2o, xeRne>0r B (x) /B (x) y -z 4

M. Essén, S. Janson, L. Peng, J. Xiao, Indiana Univ. Math. J. 49 (2000); BV: A. Cohen, W. Dahmen, |. Daubechies,
R. DeVore, Rev. Mat. Iberoam. 19 (2003)
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M. Essén, S. Janson, L. Peng, J. Xiao, Indiana Univ. Math. J. 49 (2000); BV: A. Cohen, W. Dahmen, |. Daubechies,
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The space Qg

For a measurable a we define

a2 = su / / ( )| dydz
[ ]QO XER”€>0r r r(X) ’y z|n y

Q CBMO, BV(R)cQy  BY2(R") cQ
We can show L* N Qy C A.

M. Essén, S. Janson, L. Peng, J. Xiao, Indiana Univ. Math. J. 49 (2000); BV: A. Cohen, W. Dahmen, |. Daubechies,
R. DeVore, Rev. Mat. Iberoam. 19 (2003)
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Qo C A: proof idea

We split again into local (0, t) and nonlocal (¢, co):

|d1/2(pt * @)[oa < |dy/2(P e+ a)| %Y + |d4/2(p ¢+ a)|)

K. Koch, C. Melcher, arXiv:2504.06933
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Qo C A: proof idea

We split again into local (0, t) and nonlocal (¢, co):

|d1/2(pt * @)[oa < |dy/2(P e+ a)| %Y + | 2(pt * @)

The local part behaves like BMO:

/ f (10 2(pr @) %02 < (830 < a2,

‘(t ,00)

K. Koch, C. Melcher, arXiv:2504.06933
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Qo C A: proof idea

We split again into local (0, t) and nonlocal (¢, co):

11 /2Pt * @)loa < 01 20t * @) G + [dy a(pr * @)

The local part behaves like BMO:

1
/0 ]ﬁ (10 2(pr @) %02 < (830 < a2,
1

The nonlocal part behaves like Qq:

1
o)\ 2
/0 ]ﬁ (10 2(pr = @) 52 < [al3,
|

K. Koch, C. Melcher, arXiv:2504.06933
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Uniqueness

Thus we have existence for rough initial data. Next we need uniqueness.
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Uniqueness

Thus we have existence for rough initial data. Next we need uniqueness.

Theorem (Uniqueness)
There exists 6 > 0 such that solutions uy, u, € Xt with u;(0) = u,(0) € A and

limsup [j]x, <6, i=1,2,
R\,0

satisfy uy = uo.
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Uniqueness: open and closed

Show that
I:={te[0,T]:uy =upon|[0,t] x R"}

is open and closed. Closed by continuity.
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Uniqueness: open and closed

Show that
I:={te[0,T]:uy =upon|[0,t] x R"}

is open and closed. Closed by continuity.

Open: for ty > 0 the localized seminorms become small, e.qg.

R —1ty\1/2 R\,
sup  (t —to)"/?|d j2lloa(x; t) < ( ; 0) [ulx, =% 0,
fo<t<R,x 0
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Uniqueness: open and closed

Show that
I:={te[0,T]:uy =upon|[0,t] x R"}

is open and closed. Closed by continuity.

Open: for ty > 0 the localized seminorms become small, e.qg.

R —1ty\1/2 R\,
sup  (t —to)"/?|d j2lloa(x; t) < ( ; 0) [ulx, 2% 0,
fo<t<R,x 0

Thus, without loss of generality, let t; = 0.

SFB 1481 29/32




Uniqueness: {p =0

For to = 0 we have [u;]x, < 24 for small R, since lim supg o[Uj]x, < ¢.
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Uniqueness: {p =0

For to = 0 we have [u;]x, < 24 for small R, since lim supg o[Uj]x, < ¢.
Difference estimate:

luy — uzlly,, < C([u1]xy, [U2lx,) lur — uzlx,
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Uniqueness: {p =0

For to = 0 we have [u;]x, < 24 for small R, since lim supg o[Uj]x, < ¢.
Difference estimate:

lur — uzllx, < C(ltilxg, [U2lxy) llun — w2l
Smallness: C(r,r) < & for r < 25, hence

luy = wallx, < 3 lluy — wally, = uy=uzon[0,A]
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Outlook

Shrinkers in higher dimensions: find shrinkers forn > 1,
u(,t) =U(%5),  (2)72U(y) +y - VU(y) = [di2URa(y) U)

Blow-up: J. Wettstein, Math. Eng. 5 (2023); M. Struwe, Anal. PDE 17 (2024); infinite-time blow-up: Y. Sire, J. Wei,
Y. Zheng, Amer. J. Math. 143 (2021)
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Outlook

Shrinkers in higher dimensions: find shrinkers forn > 1,
u( ) =U(75),  (=2)2U(y) +y - VU(y) = |di2U3() U(y)

Blow-up in the critical dimension n = 1: Show existence or non-existence of
blow-ups, i.e. (xq, T) such that

lim sup/ I(=A)4u(t)Pdx >e;  forall R >0,
t/T  JBg(xo)

for a fixed 1 > 0.

Blow-up: J. Wettstein, Math. Eng. 5 (2023); M. Struwe, Anal. PDE 17 (2024); infinite-time blow-up: Y. Sire, J. Wei,
Y. Zheng, Amer. J. Math. 143 (2021)
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Thank you
for listening!

Photo: CEphoto, Uwe Aranas, CC BY-SA 3.0, via Wikimedia Commons
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