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The Half-Harmonic Map Heat Flow

» Half-Dirichlet energy for maps u : T9 — S™:

Yd u(x +h) —u(x)? 1 2 1
E1/2(U /]Td/Rd |h|d+1 dhadx =: E - |d1/2U’0d ax.

"Notation following Mazowiecka—Schikorra [MS18].
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Yd u(x +h) —u(x)? 1 2 1
E1/2(U /Ed/Rd |h|d+1 dhadx =: E - |d1/2U’0d ax.

> Gradient flow of E;, on §”, u(0) = ug : T¢ — S™:

O = — drmn(U) Vi2Ey 2 = —(—8)2u + |d) 202 u.

"Notation following Mazowiecka—Schikorra [MS18].
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The Half-Harmonic Map Heat Flow

» Half-Dirichlet energy for maps u : T9 — S™:

Yd u(x +h) —u(x)? 1 2 1
E1/2(U /Ed/Rd |h|d+1 dhadx =: E - |d1/2U’0d ax.

> Gradient flow of E;, on §”, u(0) = ug : T¢ — S™:
Oiu = — drgm(U) V2Eq jp = —(—A)2u + |dy jpul?, u.
> (—A)'/2 defined via Fourier coefficients:

(ZA)2u(k) = |k G(k), Kk € 79,

"Notation following Mazowiecka—Schikorra [MS18].
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History of the Half-Harmonic Map Heat Flow

Da Lio & Riviéere (2011) Introduction of %—harmonic maps [DR11]
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The Thresholding Scheme
Motivated by Laux—Yip [LY19].

> Solve the half-heat equation d;v + (—A)'/?v = 0, v(0) = up. The solution is
given by

v(t,x) = (P * Ug)(x), where Py(k) =e Kl ke zd.

SFB 1481 413




The Thresholding Scheme
Motivated by Laux—Yip [LY19].

> Solve the half-heat equation d;v + (—A)'/?v = 0, v(0) = up. The solution is
given by

v(t,x) = (P * Ug)(x), where Py(k) =e Kl ke zd.

» Project pointwise onto S™:

SFB 1481 413




The Thresholding Scheme
Motivated by Laux—Yip [LY19].

> Solve the half-heat equation d;v + (—A)'/?v = 0, v(0) = up. The solution is
given by

v(t,x) = (P * Ug)(x), where Py(k) =e Kl ke zd.
» Project pointwise onto S™:

v(t,x)
v(t, )|

» Algorithm. Given time step h > 0, set u® = u, and iterate:

u(t,x) =

Py« u"
nt1 _ Th uh } :
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From MCF to Harmonic Map Flows

Flow Pn(k)  Ref

MCF (codim. 1) e~k [LO16]
MCF (codim. 2) + HMHF ~ e~hlk®  [LY19]
Half-harm. map heat flow e—"lkl This work
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From MCF to Harmonic Map Flows

Flow Pn(k)  Ref

MCF (codim. 1) e~k [LO16]
MCF (codim. 2) + HMHF ~ e~hlk®  [LY19]
Half-harm. map heat flow el This work

Key adaptation: replace the Gaussian e~"I* by the Poisson kernel e~/lkI.
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Weak Solution

Definition
u e L>(0, T; H'/2(T9)) with d;u € L3(TY x (0, T)) solves the HHMHF if for all
@ € C=(T9 x [0, T]; R™1):

T T T
/ o - pdx dt + / <d1/2U, d1/290>od at = / / ‘d1/2U|§d u-pdxadt.
0 JTd 0 0 JTd
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Weak Solution

Definition
u e L>(0, T; H'/2(T9)) with d;u € L3(TY x (0, T)) solves the HHMHF if for all
@ € C=(T9 x [0, T]; R™1):

T T T
/ oty - (dedt-i—/ <d1/2U, d1/2g0>oddt: / / ‘d1/2U|§dU'g0dth.
0 JTd 0 0 JTd
Definition

u satisfies the energy inequality if

t
Ey au(t)) + / low(s) |2 ds < Eyp(u®) forae.te(0,T).
0
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Weak Solution

Definition
u e L>(0, T; H'/2(T9)) with d;u € L3(TY x (0, T)) solves the HHMHF if for all
@ € C=(T9 x [0, T]; R™1):

T T T
/ o - pdx dt + / <d1/2U, d1/2g0>0d at = / / ‘d1/2U|§d u-pdxadt.
0 JTd 0 0 JTd

Definition
u satisfies the energy inequality if

t
Ey au(t)) + / low(s) |2 ds < Eyp(u®) forae.te(0,T).
0

A u satisfying both is called a weak solution.
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Convergence — Untruncated Scheme

Theorem
Let u® € H'/2(T9;S™). There exists a subsequence h, — 0 such that

um —u in L2(T9 x (0, T)),
(=) 4Py, j2 + uM) — (=0)*u in L2(T9 x (0, T)),
07" (Pp, j2 * u™) — o in L2(T9 x (0, T)).

The limit u solves the HHMHF, attaining u® in H'/2(T9).

Here df'v .= w denotes the discrete time derivative.
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Convergence — Truncated Scheme

Replace Py, by its Fourier projection onto the first N modes:

PN s yn -
1 h _hlk
utt = P PN (k) = ekl x <n-
h

Theorem
The same convergence holds for the truncated scheme, provided
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Replace Py, by its Fourier projection onto the first N modes:

PN s yn -
1 h _hlk
utt = P PN (k) = ekl x <n-
h

Theorem
The same convergence holds for the truncated scheme, provided

hN —d(d +1)log} — oo ash— 0.
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Convergence — Truncated Scheme

Replace Py, by its Fourier projection onto the first N modes:

N n
Ph*u

un+1 —
|P,’)’ xun|’

PN (k) = e " X <n.

Theorem

The same convergence holds for the truncated scheme, provided
hN —d(d +1)log} — oo ash— 0.

i.e. qualitatively N >, g( /h)
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Proof Idea |: Minimizing Movement

Approximate energy:

En(u) : 1 (1—u-(Ppx*u))dx h=0, I=20)

:% Td
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Proof Idea |: Minimizing Movement

Approximate energy:

h—0

En(u) : ! (1—u-(Pp*u))dx —= Eq,(u)

T % Td
Minimizing movement: Each step v"~' — u" minimizes

1

Ep(u) + 2h Jra

(u—u"") - (Ppx(u—u""))dx over|u| <1.
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Proof Idea |: Minimizing Movement

Approximate energy:

h—0

En(u) : ! (1—u-(Pp*u))dx —= Eq,(u)

T % Td
Minimizing movement: Each step v"~' — u" minimizes

1

Ep(u) + 2h Jra

(u—u"") - (Ppx(u—u""))dx over|u| <1.
Choosing u = u"~" as competitor and summing over steps:

1 T
Eh(uh(T))‘f‘z/O /Td\P,,/Z*afu”\dedt < Ep(ud).
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Proof Idea |l: Passing to the Limit

From the minimization: the iterates satisfy the approximative HHMHF

(1d — uh @ u") (P Ou"(- — h) + (- 1)) = 0.
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Proof Idea |l: Passing to the Limit

From the minimization: the iterates satisfy the approximative HHMHF
(1d — U @ uP) (P + AUl (- — h) + (—4)}/2u") = 0.

Main challenge: Show that this passes to the limit h — 0, yielding the weak
formulation of the HHMHF.
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Weak-Strong Uniqueness

Theorem

Let u be a weak solution and v a strong solution of the HHMHF, i.e. a weak
solution with the same initial datum uy € H'/?(T9; S™) satisfying additionally

OV, |di/aV]od, |d1/20:V]oa € L((0,T) x T).

Thenu =v a.e. in T x (0, T).
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Weak-Strong Uniqueness

Theorem
Let u be a weak solution and v a strong solution of the HHMHF, i.e. a weak
solution with the same initial datum uy € H'/?(T9; S™) satisfying additionally

OV, |di/aV]od, |d1/20:V]oa € L((0,T) x T).
Thenu =v a.e. in T x (0, T).

Corollary

If a strong solution v exists and the limit u from the previous theorem satisfies the
energy inequality, then u"n — v.
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Thank you for listening!

SFB 1481



References |

[ABS23]

[DR11]

[KM25]

[LO16]

[LY19]

Harbir Antil, Séren Bartels, and Armin Schikorra.
“Approximation of fractional harmonic maps”. In: /MA
J. Numer. Anal. 43.3 (2023), pp. 1291-1323.
Francesca Da Lio and Tristan Riviére. “Three-term
commutator estimates and the regularity of
%»harmonic maps into spheres”. In: Anal. PDE 4.1
(2011), pp. 149-190.

Kilian Koch and Christof Melcher. “Well-posedness of
half-harmonic map heat flows for rough initial data”. In:
(2025). Preprint, arXiv:2504.06933.

Tim Laux and Felix Otto. “Convergence of the
Thresholding Scheme for Multi-Phase
Mean-Curvature Flow”. In: Calc. Var. PDE (2016).
Tim Laux and Nung Kwan Yip. “Analysis of Diffusion
Generated Motion for Mean Curvature Flow in

MS18]

[Str22]

[SWz21]

[Wet22]

SFB 1481

Codimension Two”. In: Arch. Ration. Mech. Anal.
(2019).

Katarzyna Mazowiecka and Armin Schikorra.
“Fractional div-curl quantities and applications to
nonlocal geometric equations”. In: J. Funct. Anal.
(2018).

Michael Struwe. “Plateau flow or the heat flow for
half-harmonic maps”. In: (2022). Preprint,
arXiv:2202.02083.

Yannick Sire, Juncheng Wei, and Youquan Zheng.
“Infinite time blow-up for half-harmonic map flow
from Rinto S'”. In: Amer. J. Math. (2021).

Jérome D. Wettstein. “Uniqueness and regularity of
the fractional harmonic gradient flow in S In:
Nonlinear Anal. 214 (2022), p. 112592.

13/13



	The Problem and History
	The Thresholding Scheme
	Main Result
	Proof Idea
	Weak-Strong Uniqueness

